
Goodness of Fit 
Discrete Random Variables 

 
       Does a sample set of data that consists of observed frequency counts arranged in a one-way frequency table 
(row or column) align with the expected frequency counts from the known distribu>on (uniform distribu>on, normal 
distribu>on, or any other distribu>on). To make that determina>on, we need to perform a “Goodness of Fit Test”.  
 
 
Goodness of Fit Test- Is a Hypothesis Test that and observed frequency distribu>on fits (conforms) some claimed 
distribu>on.  
 
 

A Goodness of Fit Test is also known as a Chi Square Test of a DistribuCon. 
 

     Consider the experiment that a bag on M and M’s has an equal distribu>on of colors in every package. That is, the 
distribu>on of red, orange, yellow, green, blue, and brown is uniform. This is a vital requirement for the Goodness 
of Fit Test. We need a random variable 𝒙 of data and an assumed probability distribuCon.  
 
 
We require the following: 
 

• Data is randomly selected. 
• Sample data consists of frequency counts for each of the categories of data. 
• Every category needs an expected frequency that is at least 5.  

 
We need to Create the Following Hypothesis Test. 
 

𝑯𝟎:	𝒑𝟏 = 𝒑𝟐 = 𝒑𝟑 = 𝒑𝟒 = 𝒑𝟓 = 𝒑𝟔 Uniform DistribuCon as our claim 
𝑯𝟏:  At least one 𝒑𝒊 is not equal.  

 
𝜶 = 𝟓% 

 
     What we are saying is that the assumpCon in 𝑯𝟎 is that the frequency counts are the same while 𝑯𝟏 indicates 
that the frequency counts are not the same.  
 
The following is our sample informa>on as well as the expected frequencies. Recall, that 𝒑𝒊 = 𝟏/𝟔 for all 𝑖. 
 
 

 
 
 

M and M Candies
Sample Size=900 Observed Expected

Color O E
Red 134 150

Orange 152 150
Yellow 126 150
Green 168 150
Blue 162 150
Brown 158 150

Total 900 900



Test StaCsCc 
 

𝝌𝟐 =0
(𝑂 − 𝐸))

𝐸  

 
Where E is the expected frequency of an outcome found by the assump>on of the distribu>on.  

 
 
 

If the expected frequencies are all equal as in a uniform distribu>on, then 𝑬 = 𝒏/𝒌 
 

If the expected frequencies are not all equal, then 𝑬 = 𝒏𝒑𝒊 for all 𝑖	each group. 
 
 

 

𝑬 =
𝒏
𝒌 =

𝟖𝟎𝟎
𝟔 = 𝟏𝟓𝟎 

 

 
 

  
𝝌𝟐 ≈ 𝟗. 𝟏𝟐  

 
 

 
 

𝒑 ≈ 𝟎. 𝟏𝟎𝟒; 𝒑 ≮ 𝜶; Accept 𝑯𝟎 
The Sample Supports the Claim  

The Distribu>on is Uniform 
 
 
 
 

M and M Candies
Sample Size=900 Observed Expected

Color O E O-E (O-E)^2 ((O-E)^2)/E
Red 134 150 -16 256 1.7067

Orange 152 150 2 4 0.0267
Yellow 126 150 -24 576 3.8400
Green 168 150 18 324 2.1600
Blue 162 150 12 144 0.9600
Brown 158 150 8 64 0.4267

Total 900 900 1368 9.12



CriCcal Values 
Chi-Square Distribu>on where 𝒅𝒇 = 𝒌 − 𝟏 

𝒌 is the number of categories 
Always a Right Tail Test 

 

 
 

 
 
 
 

Conclusion  
Do Not Reject the Null 

The Distribu>on is Uniform 
 

 

11.071 

Do Not 
Reject 𝑯𝟎 

Reject 𝑯𝟎 

9.12 
. 

𝝌𝟐 



     Let us consider another experiment that consists of Poisson Probability Distribu>on. If we let 𝑥 represent the 
number of 911 emergency calls in an hour where it is known that there is 4.6 calls per hour, the distribu>on will look 
as follows.  
 

𝒙 = 𝟎, 𝟏, 𝟐, 𝟑, 𝟒, … , 𝟏𝟏 
 
Let us now assume that the distribu>on is uniform and that we should see every outcome as equally likely. 
 

𝒑𝒊 =
𝟏
𝟏𝟐

  for all 𝒊 
 
    However, when we randomly collect 200 data values (Poisson Distribu>on) we see the following histogram. We 
will conduct a Goodness of Fit Test and verify that the distribu>on is not Uniform.  

 

 
 

𝑯𝟎:	𝒑𝟏 = 𝒑𝟐 = 𝒑𝟑 = 𝒑𝟒 = 𝒑𝟓 = 𝒑𝟔 Uniform DistribuCon as our claim 
𝑯𝟏:  At least one 𝒑𝒊 is not equal.  

 
Using the sample informa>on below we can proceed with 𝑬 = 𝒏𝒑𝒊 for all 𝑖 with 𝒏 = 𝟐𝟎𝟎. 

 
𝜶 = 𝟓% 

 

 
 

𝝌𝟐 ≈ 𝟏𝟏𝟒. 𝟐𝟕𝟖  

n=200 Observed Expected
x O E O-E (O-E)^2 (O-E)^2/E
0 2 16.667 -14.667 215.121 12.907
1 13 16.667 -3.667 13.447 0.807
2 21 16.667 4.333 18.775 1.126
3 28 16.667 11.333 128.437 7.706
4 39 16.667 22.333 498.763 29.925
5 33 16.667 16.333 266.767 16.006
6 25 16.667 8.333 69.439 4.166
7 22 16.667 5.333 28.441 1.706
8 10 16.667 -6.667 44.449 2.667
9 4 16.667 -12.667 160.453 9.627
10 2 16.667 -14.667 215.121 12.907
11 1 16.667 -15.667 245.455 14.727

Total 200 200.004 1904.667 114.278



 
 

 
 
 

𝒑 ≈ 𝟎. 𝟎𝟎𝟎; 𝒑 < 𝜶; 𝑯𝟎 is too low, has to go! 
The Sample Does Not Support the Claim  

The Distribu>on is not as Claimed 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



CriCcal Values 
Chi-Square Distribu>on where 𝒅𝒇 = 𝒌 − 𝟏 

𝒌 is the number of categories 
Always a Right Tail Test 

 

 
 

 

 
 

Conclusion  
Reject the Null  

The Distribu>on is not as Claimed 
 

Do Not 
Reject 𝑯𝟎 

Reject 𝑯𝟎 

19.675 114.278 

. 
𝝌𝟐 



    Let us revisit the Poisson Distribu>on of a mean 4.6 office hour arrivals in an hour. We will use a Goodness to Fit 
Test with the assumpCon that the distribuCon is a Poisson DistribuCon. Let’s see how Goodness to Fit addresses 
works in the case where each group has assigned probabili>es using the 5% level of significance.  
 

𝒙 = 𝟎, 𝟏, 𝟐, 𝟑, 𝟒, … , 𝟏𝟏 
 

 
 
 

 
𝑯𝟎:	𝒑𝟏 = 𝟎. 𝟎𝟏𝟎, 𝒑𝟐 = 𝟎. 𝟎𝟒𝟔, 	𝒑𝟑 = 𝟎. 𝟏𝟔𝟑, 	𝒑𝟒 = 𝟎. 𝟏𝟖𝟖, 	𝒑𝟓 = 𝟎. 𝟏𝟕𝟑, 𝒑𝟔 = 𝟎. 𝟏𝟑𝟐, 𝒑𝟕 = 𝟎. 𝟎𝟖𝟕, 𝒑𝟖 =

𝟎. 𝟎𝟓𝟎, 𝒑𝟗 = 𝟎. 𝟎𝟐𝟔, 𝒑𝟏𝟎 = 𝟎. 𝟎𝟏𝟐, 𝒑𝟏𝟏 = 𝟎. 𝟎𝟎𝟓, 𝒑𝟏𝟐 = 𝟎. 𝟎𝟎𝟐  Claim 
 

𝑯𝟏:  At least one 𝒑𝒊 is not equal to what is in the claim. 
 

Using the original sample informa>on below we can proceed with 𝑬 = 𝒏𝒑𝒊 for all 𝑖 with 𝒏 = 𝟐𝟎𝟎. 
 

 
 

𝝌𝟐 ≈ 𝟑. 𝟗𝟎𝟑  
 
 

 
 

x p(x)
0 0.010
1 0.046
2 0.106
3 0.163
4 0.188
5 0.173
6 0.132
7 0.087
8 0.050
9 0.026
10 0.012
11 0.005
12 0.002

Total 0.999

n=200 Observed Expected
x O E O-E (O-E)^2 (O-E)^2/E
0 2 2.010 -0.010 0.000 0.000
1 13 9.248 3.752 14.080 1.523
2 21 21.270 -0.270 0.073 0.003
3 28 32.614 -4.614 21.285 0.653
4 39 37.506 1.494 2.233 0.060
5 33 34.505 -1.505 2.265 0.066
6 25 26.454 -1.454 2.114 0.080
7 22 17.384 4.616 21.307 1.226
8 10 9.996 0.004 0.000 0.000
9 4 5.109 -1.109 1.230 0.241
10 2 2.350 -0.350 0.123 0.052
11 1 0.983 0.017 0.000 0.000

Total 200 199.4274733 64.710 3.903



 
 
 

𝒑 ≈ 𝟎. 𝟗𝟕𝟑; 𝒑 ≮ 𝜶; Accept 𝑯𝟎 
The Sample Supports the Claim  

The Distribu>on is as Claimed 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



CriCcal Values 
Chi-Square Distribu>on where 𝒅𝒇 = 𝒌 − 𝟏 

𝒌 is the number of categories 
Always a Right Tail Test 

 

 
 

 
 
 

Conclusion  
Reject The Null 

The Distribu>on is not as Claimed. 
 
 
 

Do Not 
Reject 𝑯𝟎 

Reject 𝑯𝟎 

19.675 114.278 

. 
𝝌𝟐 



Police Calls 
 

St.  Vegas released the number of Police Calls for every day of the week in the month of October for 31 days. Monday 
(128), Tuesday (158), Wednesday (172), Thursday (176), Friday (382), Saturday (398), Sunday (348).  
Use the 𝟏% level of significance to test the claim that the distribuCon is not Uniform.  
 

𝑯𝟎:	𝒑𝟏 = 𝟎. 𝟏, 𝒑𝟐 = 𝟎. 𝟏, 	𝒑𝟑 = 𝟎. 𝟏, 	𝒑𝟒 = 𝟎. 𝟏, 	𝒑𝟓 = 𝟎. 𝟐, 𝒑𝟔 = 𝟎. 𝟐, 𝒑𝟕 = 𝟎. 𝟐  Claim 
 

𝑯𝟏:  At least one 𝒑𝒊 is not equal to what is in the claim. 
 

Using the original sample informa>on below we can proceed with 𝑬 = 𝒏𝒑𝒊 for all 𝑖 with 𝒏 = 𝟏𝟕𝟔𝟐 
 
 

 
 

𝝌𝟐 ≈ 𝟐𝟑. 𝟔𝟎𝟕 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

x p(x) O E O-E (O-E)^2 (O-E)^2/E
Monday 0.1 128 176.2 -48.2 2323.24 13.185
Tuesday 0.1 158 176.2 -18.2 331.24 1.880

Wednesday 0.1 172 176.2 -4.2 17.64 0.100
Thursday 0.1 176 176.2 -0.2 0.04 0.000

Friday 0.2 382 352.4 29.6 876.16 2.486
Saturday 0.2 398 352.4 45.6 2079.36 5.901
Sunday 0.2 348 352.4 -4.4 19.36 0.055

Total 1 1762 23.607
Sample Size



 
 

 
𝒑 ≈ 𝟎. 𝟎𝟎𝟎; 𝒑 < 𝜶;  𝒑	value is low, 𝑯𝟎	has to go! 

The Sample Does Not Support the Claim  
The Distribu>on is not as Claimed 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



CriCcal Values 
Chi-Square Distribu>on where 𝒅𝒇 = 𝒌 − 𝟏 

𝒌 is the number of categories 
Always a Right Tail Test 

 
𝜶 = 𝟏% and 𝒅𝒇 = 𝟔 

 

 
 

 
 
 

Conclusion  
Reject the Null 

The Distribu>on is not as Claimed. 
 

Do Not 
Reject 𝑯𝟎 

16.812 23.607 
. 
Reject 𝑯𝟎 

𝝌𝟐 



World Series Games 
 

     The table below illustrates the number of games played in 105 Major League Baseball World Series. The table also 
includes the expected propor>ons for the number of games played in the MLB World Series, assuming that in each 
series each team has the same chance of winning. Use the 1% level of significance to test the claim that the actual 
number of games fit the distribu>on indicated by the expected propor>ons.  
 

 
 
 

𝑯𝟎:	𝒑𝟏 = 𝟎. 𝟏𝟐𝟓, 𝒑𝟐 = 𝟎. 𝟐𝟓, 	𝒑𝟑 = 𝟎. 𝟑𝟏𝟐𝟓, 	𝒑𝟒 = 𝟎. 𝟑𝟏𝟐𝟓  Claim 
 

𝑯𝟏:  At least one 𝒑𝒊 is not equal to what is in the claim. 
 

Using the original sample informa>on below we can proceed with 𝑬 = 𝒏𝒑𝒊 for all 𝑖 with 𝒏 = 𝟏𝟎𝟓 
 

 
 

𝝌𝟐 ≈ 𝟖. 𝟖𝟖𝟐 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Games Played World Series Contests Expected Proportion
4 21 0.125
5 23 0.25
6 23 0.3125
7 38 0.3125

Total 105 1

Games Played O Expected Proportion E O-E (O-E)^2 (O-E)^2/E
4 21 0.125 13.125 7.875 62.0156 4.7250
5 23 0.25 26.25 -3.25 10.5625 0.4024
6 23 0.3125 32.8125 -9.8125 96.2852 2.9344
7 38 0.3125 32.8125 5.1875 26.9102 0.8201

Total 105 1 8.8819



 
 
 

𝒑 ≈ 𝟎. 𝟎𝟑𝟏; 𝒑 ≮ 𝜶; Accept 𝑯𝟎 
The Sample Supports the Claim  

The Distribu>on is as Claimed 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



CriCcal Values 
Chi-Square Distribu>on where 𝒅𝒇 = 𝒌 − 𝟏 

𝒌 is the number of categories 
Always a Right Tail Test 

 
𝜶 = 𝟏% and 𝒅𝒇 = 𝟑 

 

 
 

 
 

Conclusion  
Do Not Reject the Null 

The Distribu>on is as Claimed. 
 
 

Do Not 
Reject 𝑯𝟎 

11.345 

Reject 𝑯𝟎 

8.882 
. 

𝝌𝟐 



IQ Scores 
 

     We know IQ Scores are Normally Distributed (𝝁 = 𝟏𝟎𝟎; 𝝈 = 𝟏𝟓)	and the “Goodness of Fit Test” applies to 
discrete random variables. The Normal Distribu>on is a con>nuous random variable that can be made to approximate 
a discrete random variable when we look at the outcomes over mutually exclusive (non-intersec>ng) intervals. 
Consider the following example where we shall consider the 1% level of significance to Test the Claim IQ Scores fit 
the distribu>on by expected propor>ons.  
 

 
 

𝑯𝟎:	𝒑𝟏 = 𝟎. 𝟎𝟐𝟑, 𝒑𝟐 = 𝟎. 𝟎𝟔𝟖, 	𝒑𝟑 = 𝟎. 𝟏𝟔𝟏, 	𝒑𝟒 = 𝟎. 𝟐𝟒𝟕 
	𝒑𝟓 = 𝟎. 𝟐𝟒𝟕, 	𝒑𝟔 = 𝟎. 𝟏𝟔𝟏, 	𝒑𝟕 = 𝟎. 𝟎𝟔𝟖, 	𝒑𝟖 = 𝟎. 𝟎𝟐𝟑		Claim 

 
𝑯𝟏:  At least one 𝒑𝒊 is not equal to what is in the claim. 

 
Using the original sample informa>on below we can proceed with 𝑬 = 𝒏𝒑𝒊 for all 𝑖 with 𝒏 = 𝟔𝟎 

 

 
 

𝝌𝟐 ≈ 𝟗. 𝟏𝟎𝟕 
 
 
 
 

Expected Proportion
x p(x)

Less than 70 0.023
Between 70 and 79.99 0.068
Between 80 and 89.99 0.161
Between 90 and 99.99 0.247

Between 100 and 109.99 0.247
Between 110 and 119.9 0.161
Between 120 and 129.9 0.068

At least than 130 0.023

Total 0.998

Expected Proportion
x p(x) O E O-E (O-E)^2 (O-E)^2/E

Less than 70 0.023 3 1.380 1.620 2.624 1.902
Between 70 and 79.99 0.068 4 4.080 -0.080 0.006 0.002
Between 80 and 89.99 0.161 7 9.660 -2.660 7.076 0.732
Between 90 and 99.99 0.247 12 14.820 -2.820 7.952 0.537

Between 100 and 109.99 0.247 14 14.820 -0.820 0.672 0.045
Between 110 and 119.9 0.161 10 9.660 0.340 0.116 0.012
Between 120 and 129.9 0.068 6 4.080 1.920 3.686 0.904

At least than 130 0.023 4 1.380 2.620 6.864 4.974

Total 0.998 60 60 9.107



 
 
 

𝒑 ≈ 𝟎. 𝟐𝟒𝟓; 𝒑 ≮ 𝜶; Accept 𝑯𝟎 
The Sample Supports the Claim  

The Distribu>on is as Claimed 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



CriCcal Values 
Chi-Square Distribu>on where 𝒅𝒇 = 𝒌 − 𝟏 

𝒌 is the number of categories 
Always a Right Tail Test 

 
𝜶 = 𝟏% and 𝒅𝒇 = 𝟕 

 
 

 

 
 

Conclusion  
Do Not Reject the Null 

The Distribu>on is as Claimed 

Do Not 
Reject 𝑯𝟎 

Reject 𝑯𝟎 

𝝌𝟐 18.475 
9.107 
. 


