
Polar	Coordinates	
	
					The	 system	was	 introduced	 by	 Newton	 to	more	 easily	 describe	 curves	 in	 the	 rectangular	
coordinate	 system	 and	 consequently	 perform	 Calculus	 with	 those	 curves.	 It	 involves	 some	
concepts	in	Trigonometry	and	is	based	on	two	variables	𝑟	(radius)	and	𝜃	(central	angle).		That	is,	
we	can	describe	a	point	P	in	relation	to	a	pole	(origin)	and	the	polar	axis.		
	

	
	

					There	are	two	points	in	this	plane	O	and	P.	The	point	O	is	called	the	Pole	and	the	ray	is	known	
as	the	Polar	Axis.	We	define	the	distance	from	O	to	P	as	the	radius	and	label	that	value	r.	That	is,	
𝑟 = 𝑂𝑃 	and	𝜃	is	the	central	angle	found	by	rotating	the	polar	axis	either	clockwise	or	counter	
clockwise.			𝜃 > 0	for	𝐶𝐶𝑊	rotation	and	𝜃 < 0	for	𝐶𝑊	rotation.		
	
	
We	are	now	able	to	define	points	 (𝑟, 𝜃)	in	a	plane	called	the	Polar	Coordinate	System.		
	
Facts	
	

• If	𝑃 = 𝑂,	then	we	can	say	that	𝑟 = 0	and	the	location	(Origin/Pole)	𝑂 = 𝑃(0, 𝜃)	for	any	
angle	𝜃.	

	
• 𝑟, 𝜃 = 𝑟, 𝜃 + 2𝑛𝜋 	for	𝑛	𝜖	𝑍		which	means	these	points	are	not	well	defined.		

	
	
	
	
	
	



• We	define	a	negative	radius	value	 𝑟 < 0 	as	being	a	location	that	is	across	the	Pole.		That	
is,	the	points	 𝑟, 𝜃 	and	 −𝑟, 𝜃 	lie	across	the	Pole	along	a	line	that	is	the	same	distance	
𝑟 	in	opposite	sides	from	the	Pole.	

	
	

	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



	
	

• Every	point	 𝑥, 𝑦 on	the	Cartesian	Coordinate	System	can	be	represented	on	the	Polar	
Coordinate	System	as	we	superimpose	both	systems	on	top	of	each	other.	

	

	
	

We	are	now	able	to	convert	from	the	Rectangular	Coordinate	System	to	the	Polar	Coordinate	
System	and	vice	versa	by	considering	the	following	equations.		
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

Polar	to	Rectangular	
	

𝑥 = 𝑟𝑐𝑜𝑠(𝜃)	
	

𝑦 = 𝑟𝑠𝑖𝑛(𝜃)	

Rectangular	to	Polar	
	

𝑥= + 𝑦= = 𝑟=	
𝑡𝑎𝑛(𝜃) =

𝑦
𝑥 	, 𝑥 ≠ 0	



Polar	Curves	
𝑟 = 𝑓 𝜃 	

	
	

	
	

	
 
 
 
 
 
 
 
 
 
 
 
 
 



Interesting Polar Curves 
(Some you may recognize) 

 
Circles 	
𝑟 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡	
	

	
	
𝑟 = 𝑎𝑐𝑜𝑠 𝜃 	and	r=𝑎𝑠𝑖𝑛 𝜃 	
	

	
	
	
	



Lines  
𝜃 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡	
	

	
𝑟 = 𝑎𝑠𝑒𝑐 𝜃 	or	𝑟 = 𝑎𝑐𝑠𝑐 𝜃 	
	

	
	
	
	



Cardiod (Heart)	
	
Vertical		
𝑟 = 𝑎 ± 𝑎 sin 𝜃) 	
	

 
	
	
Horizontal	
	𝑟 = 𝑎 ± 𝑎cos 𝜃 	
	

	
	
	
	
	
	
	
	



Convex Limacon 
𝑟 = 𝑏 + 𝑎𝑐𝑜𝑠 𝜃 	where	𝑏 ≥ 2𝑎	
	

	
	
	
𝑟 = 𝑏 + 𝑎𝑐𝑜𝑠 𝜃 	where	𝑏 ≥ 2𝑎	
	

	



Dimpled Limacon	
𝑟 = 𝑏 + 𝑎𝑐𝑜𝑠 𝜃 	where	2𝑎 < 𝑏 < 𝑎	
	

	
	
𝑟 = 𝑏 + 𝑎𝑠𝑖𝑛 𝜃 	where	2𝑎 < 𝑏 < 𝑎	
	

	
	



Inner Loop Limacon 
𝑟 = 𝑏 + 𝑎𝑐𝑜𝑠 𝜃 	where	𝑏 < 𝑎	
	

	
	
	
𝑟 = 𝑏 + 𝑎𝑠𝑖𝑛 𝜃 	where	𝑏 < 𝑎	
	

	
	
	
	
	



	
4-leaf Rose 
𝑟 = 𝑎𝑐𝑜𝑠 2𝜃 		
	

	
	
	𝑟 = 𝑎𝑠𝑖𝑛 2𝜃 	
	

	
	
	
	



	
3-leaf Rose 
𝑟 = 𝑎𝑐𝑜𝑠 3𝜃 		
 

	
	
	
𝑟 = 𝑎𝑠𝑖𝑛 3𝜃 		
	

	
	
	



	
Leminiscates 
Figure-eight	shaped	curves	
	
𝑟= = 𝑎𝑐𝑜𝑠(2𝜃)	where	𝑎 > 0	but	𝑎 < 0	
	

	
	
𝑟= = 𝑎𝑠𝑖𝑛(2𝜃)	where	𝑎 > 0	but	𝑎 < 0	
	

	


