
Calculus	of	Polar	Equations	
	

We	want	 to	 find	 the	 Tangent	 Line	ℓtan	 	 to	 	 the	 Polar	 Curve	𝑟 = 𝑓 𝜃 .	We	 just	 consider	 the	
following	parametric	equations	and	allow	for	the	parameter	to	be	𝜃	as	opposed	to	t.	
	
	

	
	

𝑥 = 𝑟𝑐𝑜𝑠 𝜃 	
𝑦 = 𝑟𝑠𝑖𝑛 𝜃 	
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Horizontal	Tangents	

Points	on	the	curve	in	which	
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Vertical	Tangents	
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Tangent	Line	at	the	Pole		

We	let	𝑟 = 0	and		
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We	would	like	to	determine	the	area	under	the	curve	𝑟 = 𝑓 𝜃 	
	

	
	

We	consider	a	partition	of	the	interval	𝛼 ≤ 𝜃 ≤ 𝛽	into	n-subintervals	of	equal	length	Δ𝜃	
	

	
	
	
	
	
	
	
	
	
	



Use	the	area	of	a	sector	formula	𝐴 = I
J
𝑟J𝜃	to	add	the	n	sector	areas.	

	

	
	
	

	
where	𝐴8 =

I
J
𝑟J8Δ𝜃	for	𝑖 = 1	𝑡𝑜	𝑛	
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as	𝑛 → ∞	
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Area	Between	Two	Curves	
	

	
	

𝐴 = 𝐴X − 𝐴Z	
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Arc	Length	
	

Since	𝑥 = 𝑟𝑐𝑜𝑠 𝜃 = 𝑓 𝜃 cos	(𝜃)	and	𝑦 = 𝑟𝑠𝑖𝑛 𝜃 = 𝑓 𝜃 sin	(𝜃)	where	𝛼 ≤ 𝜃 ≤ 𝛽	we	get	
the	following	equations	for	their	derivatives.	
	

𝑑𝑥
𝑑𝜃

=
𝑑
𝑑𝜃

𝑟𝑐𝑜𝑠(𝜃) =
𝑑𝑟
𝑑𝜃

𝑐𝑜𝑠 𝜃 − 𝑟𝑠𝑖𝑛 𝜃 	
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𝑟𝑠𝑖𝑛(𝜃) =
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𝑠𝑖𝑛 𝜃 + 𝑟𝑐𝑜𝑠 𝜃 	

	
These	equations	can	be	substituted	into	the	arc	length	formula.	
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We	will	need	some	algebra	
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Now,	
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